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- hh dimensionless en tha lpy ,  H - hw 

1
t o t a l  enthalpy,  h + (& + 9 )  

k t o t a l  thermal conduct iv i ty  

k a  cons tan t  def ined  i n  equat ions (7c) 
(X$ ** 

kW e f f e c t i v e  r a t i o  o f  mass-flow gradien t  (eq.  (C7) ) ,  (x;)* 

L shock st andof f d istance 
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-
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h e a t  f l u x  

body r ad ius  

Re e f f e c t i v e  Reynolds number def ined  by equat ions (7c) 
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LINEARIZED THEORY OF STAGNATION REGION SKIN FRICTION 

AND MASS TRANSFER AT HYPERSONIC SPEEDS 

Kenneth K .  Yoshikawa 

Ames Research Center 

SUMMARY 

A l i n e a r i z e d  theory  f o r  s t agna t ion  region h e a t  and m a s s  t r a n s f e r  has been 
extended t o  inc lude  t h e  s h e a r  stress. The method cons iders  t h e  momentum and 
energy equat ions which are uncoupled f irst  and then l i n e a r i z e d  by t h e  i n t r o ­
duct ion of t h e  e f f e c t i v e  values  f o r  t h e  thermal and t r a n s p o r t  p r o p e r t i e s .  
Solu t ions  o f  t hese  equat ions are app l i cab le  at  very high speeds,  where conduc­
t i o n  and shea r  stress i n  t h e  shock l a y e r  and t h e  i n t e r a c t i o n  between t h e  
hea ted  gas behind t h e  shock wave and t h e  i n j e c t e d  o r  ab la t ed  gases m u s t  be 
considered.  An e x p l i c i t  closed-form f i r s t  o rde r  s o l u t i o n  has been obtained 
f o r  t h e  compressible,  viscous shock-layer  momentum equat ion with mass 
add i t ion  o r  suc t ion .  

Resul ts  of  t h i s  ana lys i s  show t h a t  t h e  e f f e c t  o f  gas i n j e c t i o n  on shea r  
grad ien t  ( sk in  f r i c t i o n )  n e a r  t h e  s t agna t ion  po in t  s t r o n g l y  depends on t h e  
Stanton number without  mass add i t ion ,  w a l l  temperature ,  r e l a t i v e  i n j e c t a n t  
molecular weights ,  and t h e  r a t i o  o f  t h e  averaged Pec le t  number between t h e  
f ree-s t ream and i n j e c t e d  gases .  The s o l u t i o n  is  s u b s t a n t i a t e d  by comparisons 
with exact  s o l u t i o n s .  

INTRODUCTION 

S i g n i f i c a n t  reduct ions  i n  h e a t  t r a n s f e r  and s k i n  f r i c t i o n  i n  t h e  presence 
o f  fore ign  gas i n j e c t i o n  have been repor ted  i n  a number of  papers ( r e f s .  1-7) .  
These reduct ions a r e  extremely important i n  t h e  design o f  h e a t  and shea r  
r e s i s t a n t  vehic les  f o r  very high speeds.  Theore t ica l  approaches t o  analyze 
t h e  effect  of  m a s s  add i t ion  on h e a t  t r a n s f e r  and s h e a r  stress employ e i t h e r  
(1) boundary-layer theory ,  o r  (2)  shock-layer  theory.  The r e s u l t s  may d i f f e r  
s i g n i f i c a n t l y ,  depending upon t h e  f l i g h t  condi t ions .  For  very high speed 
f l i g h t ,  shock-layer  theory  i s  e s s e n t i a l  f o r  analyzing proper ly  t h e  problems of  
h e a t  transfer and s h e a r  stress i n  t h e  presence o f  mass add i t ion .  

Although t h e  s k i n  f r i c t i o n  vanishes  a t  t h e  s t agna t ion  po in t  o f  a b lun t  
body, t h e  r a t i o  o f  shea r ing  s t r e s s  with mass add i t ion  t o  t h a t  without mass 
add i t ion  has a nonzero va lue .  This r a t i o  i s  important because it i s  r e l a t e d  
t o  t h e  reduct ion  i n  s k i n  f r i c t i o n  along t h e  body s u r f a c e ,  t h a t  i s ,  t h e  l a r g e r  
t h e  reduct ion  i n  grad ien t  a t  t h e  s t agna t ion  p o i n t ,  t h e  sma l l e r  t h e  
s k i n - f r i c t i o n  along t h e  body s u r f a c e .  



2.  stream i n j e c t i o n  r e a c t i o n  

The primary purpose o f  t h i s  r epor t  i s ,  t h e r e f o r e ,  t o  f i n d  a s imple 
s o l u t i o n ,  f o r  t h e  reduced shea r ,  by extending t h e  method o f  r e fe rence  1 t o  t h e  
shock-layer  momentum equat ion.  To f ind  a s o l u t i o n  t h e  momentum equat ion i s  
decoupled from t h e  o t h e r  conservat ion equat ions ( con t inu i ty  and energy equa­
t i o n s )  and l i n e a r i z e d  by means o f  an e f f e c t i v e  Reynolds number. A closed-form 
s o l u t i o n  demonstrates t h e  dependence of s h e a r  stress on t h e  appropr i a t e  
phys ica l  parameters .  The method i s  s u b s t a n t i a t e d  by comparison with a number 
o f  numerical s o l u t i o n s  of  t h e  exact equat ions.  

ANALYSI S t 

A s i m p l i f i e d  momentum equat ion f o r  t h e  v iscous ,  compressible flow i n  t h e  
neighborhood of a s t agna t ion  po in t  has been considered.  The reduct ion  of  t h e  
s h e a r  stress at  t h e  wall by t r a n s p i r a t i o n  o r  a b l a t i o n  gases emanating i n  
hyperve loc i ty  f l i g h t  w i l l  be emphasized. The p resen t  a n a l y s i s  cons iders  t h e  
momentum and energy equat ions t h a t  w i l l  be  decoupled by approximating t h e  mass 
flow term i n  t h e  equat ions .  The equat ions a r e  then  l i n e a r i z e d  by t h e  i n t r o ­
duct ion  of  t h e  e f f e c t i v e  values  f o r  t h e  thermal and t r a n s p o r t  p r o p e r t i e s  of  
t h e  gases .  To provide a phys ica l  i n s i g h t  i n t o  t h e  parameters ,  a f i r s t - o r d e r  
s o l u t i o n  i s  der ived  from the  l i n e a r i z e d  equat ions f o r  t h e  case of  no hea t  
conduction and s h e a r  s t r e s s  j u s t  behind t h e  shock wave. 

F ina l ly ,  t he  primary e f f e c t  o f  hea t  conduction and shea r  stress 
(postcool ing e f f e c t )  behind t h e  shock wave on t h e  flow parameters i s  
determined by so lv ing  t h e  l i n e a r i z e d  equat ions .  

Although t h e  s h e a r  stress a t  t h e  s t agna t ion  po in t  i s  zero ,  t h e  r a t i o  of  
s h e a r  s t r e s s  with gas i n j e c t i o n  t o  t h a t  without  gas i n j e c t i o n  i s  f i n i t e .  In  
what fol lows,  t h i s  r a t i o  i s  des igna ted  by @ and r ep resen t s  t h e  reduct ion  i n  
s h e a r  grad ien t  at  t h e  s t agna t ion  p o i n t .  I t  may a l s o  be considered as a mea­
s u r e  o f  t h e  reduct ion  of s h e a r  s t r e s s  ( sk in  f r i c t i o n )  i n  t h e  v i c i n i t y  of  t h e  
s t agna t ion  p o i n t .  

Geometry and Assumptions 

Figure 1 shows t h e  geometry used i n  t h e  a n a l y s i s .  The assumptions a r e  
as fol lows:  

1. Steady axisymmetric s tagnat ion-poin t  

3 .  No and gasesThermodynamic equi l ibr iumflowchemical between f r e e - Em-Vm ()+
4. Laminar continuum flow 
5 .  Thin shock l aye r ,  L /R  <<  1 
6 .  Small blowing r a t e s ,  pwvw/p,V, << 1 

BODY7.  Thermal d i f f u s i o n  and d i f fus ion -
SHOCK WAVEthermal neglec ted  Figure 1.--Flow geometry. 
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Basic Equations and Boundary Conditions 

The b a s i c  equat ions used f o r  t h e  present  ana lys i s  a r e :  

Cont inui ty  equat ion:  

a a 
- (pur) + - (Qpvr) = 0 ax aY 

where 
t 

Q = 1 + -Y 
R 

Momentum equat ions : 

Energy equat ion:  

Since t h e  major po r t ion  o f  t h i s  s tudy  i s  concerned wi th  t h e  reduct ion  o f  
shea r ing  stress i n  t h e  v i c i n i t y  o f  t h e  s t agna t ion  p o i n t ,  t h e  momentum and 
enery equat ions f o r  t h e  shock-layer  flow are f u r t h e r  s i m p l i f i e d ,  f o r  
+/ax = - ~ , u ~ ( a u / a x ) ~ ,pu(aj /ax)  << pv(aj /ay) ,  and (1/2)(u2 + v2) << h ;  

? 

The boundary condi t ions  immediately behind t h e  shock wave a r e  a l t e r e d  by h e a t  
conduction and s h e a r  stress i n  t h e  shock l a y e r .  The momentum and energy 
balances behind t h e  shock wave may be w r i t t e n  as 

3 




- Xus - V m k - ­
m m  

where H i s  t h e  free-stream t o t a l  enthalpy.  

Equations (4) are solved independently by t h e  in t roduc t ion  of  an equat ion r 

f o r  t h e  normalized mass-flow d i s t r i b u t i o n  which i s  r e l a t i v e l y  independent of 
hea t  t r a n s f e r .  The mass-flow equat ion taken from re fe rence  1 i s  . 

where rl = y/L i s  t h e  d i s t ance  from t h e  wal l  normalized by the  shock-standoff 
d i s t ance ,  and xwl  i s  t h e  abso lu te  value o f  ax/arl  nea r  t h e  s t agna t ion  po in t  
as shown i n  r e fe rence  1. 

Transformed Equations 

From equat ions (4) and (6) ,  t h e  dimensionless momentum and energy 
equat ions f o r  t h e  shock l a y e r  af ter  some minor manipulation and approximation 
become (see appendix A) 

dii 
k -L F(u)

a Lo 

where t h e  dimensionless q u a n t i t i e s  are def ined  as 

F(n) = 
[ (iisx'/xs ') - 2 E  (1-E) 1 

Q - 1
- hh =  H - hw 

J 
The phys ica l  q u a n t i t i e s  used i n  equat ions (7) are descr ibed  i n  d e t a i l  i n  
appendixes A and C.  
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The boundary condi t ions  t ak ing  t h e  blowing from t h e  w a l l  i n t o  account and 
us ing  t h e  modified Rankine-Hugoniot condi t ion  across  t h e  shock wave are, from 
equat ions (5) : 

a t  n = O  

x = x, 
-
u = o  

h = h, 
I 

a t  n = l  
. x = -1 

-h = 2 = 1 + Kw - (--)s1 dK ) 
S B dn 

Equations (7) are non l inea r  second-order (ordinary)  d i f f e r e n t i a l  equat ions 
with nonl inear  boundary condi t ions  (eqs. (8)) and can only be solved 
numerical ly .  

Linear ized Solu t ions  

Linear ized s o l u t i o n s  t o  t h e  momentum and energy equat ions can be obtained 
e x p l i c i t l y  when t h e  Peclet number B and Reynolds number R e  a r e  rep laced  by 
values  considered cons tan t  for  t h e  s p e c i f i e d  boundary temperature (see r e f .  1 
and appendix B) ; f o r  example, f o r  a cold wall (Tw = 0) , 

B = B*  

R e  = Re* I ( 9 )  

7 

The l i n e a r i z e d  s o l u t i o n s  become 

b 
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where 

(10c) 

Note t h a t  U,, t h e  complementary s o l u t i o n  t o  equat ion (7a ) ,  has t h e  same form 
as equat ion ( lob)  with t h e  cons tan t  B*  rep laced  by Re* .  For t h e  genera l  
wall condi t ion  (Tw # 0) t h e  q u a n t i t i e s  marked by an a s t e r i s k  i n  equat ions (10) 
w i l l  simply be rep laced  by double a s t e r i s k s .  

Since d e t a i l e d  a n a l y s i s  of  t h e  l i n e a r i z e d  s o l u t i o n  t o  t h e  energy equat ion 
and t h e  h e a t  reduct ion  func t ion  I) have been descr ibed  i n  re ference  1, only 
s o l u t i o n s  t o  t h e  momentum equat ion and t h e  reduct ion  i n  t h e  shea r  g rad ien t  
w i l l  be considered i n  the  fol lowing s e c t i o n s .  

F i r s t -Order  Solu t ion  Without Postcool ing 

I t  i s  shown i n  re ference  1 t h a t  f o r  a l a r g e  Pec le t  number ( B  >> 1) t h e  
boundary condi t ion  f o r  t h e  flow enthalpy given i n  equat ion -(8b) i s  no t  
a f f e c t e d  by conduction behind t h e  shock wave and Fs = 1 + hw. S i m i l a r l y ,  t h e  
boundary condi t ion  a t  t h e  shock f o r  t h e  v e l o c i t y  i n  equat ion (8b) w i l l  no t  be 
s i g n i f i c a n t l y  a f f e c t e d  by conduction o r  shea r  s t r e s s  f o r  high Reynolds numbers 

t
(Re >> l ) ,  and Tis 1. I t  fol lows t h a t  one can d e r i v e  a simple f i r s t - o r d e r  
s o l u t i o n  f o r  equat ion ( loa)  by t ak ing  only the  lead ing  term from t h e  v e l o c i t y  
d i s t r i b u t i o n  4 

-
which sa t i s f ies  boundary condi t ions  ,u(O) = 0 and $1) = 1 (c1 = c ) .  Since 
t h e  v e l o c i t y  g rad ien t  nea r  t h e  shock wave is  r e l a t i v e l y  unchanged by mass 
add i t ion  ( i . e . ,  c i s  i n s e n s i t i v e  t o  blowing as shown by numerical s o l u t i o n s  
of  eq. 10(d) .  See a l s o  re f .  3 ) ,  t h e  cons tan t  c1 can be eva lua ted  simply by 
i n t e g r a t i n g  equat ion  (7a) from TI = 0 t o  rl = 1 f o r  Xw = 0 .  Thus, 
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S u b s t i t u t i n g  equat ion ( l l a )  i n t o  equat ion ( l l b )  and us ing  t h e  r e l a t i o n  

Tict1 ­l'(&%icl)dn = 0 

one can c a l c u l a t e  t h e  cons tan t  c1 as 

Note t h a t  c1 i s  independent o f  Re* .  

For  Re* >> 1 and Xw << 1, t h e  complementary s o l u t i o n  (eq.  ( ~ O C ) ) ,w i l l  
become (from r e f .  1) 

-us e r f [ / G  rl - a] + iis erf a 
-uc = ._. ( 1 W

1 + erf a 

The v e l o c i t y  g rad ien t  from equat ions ( l l a )  and ( l l d )  becomes 

(E) = c1 /-s.L1-aL a 1 + (1  - Cl) 
W 

where 

Equations for shear reduction- The reduct ion  i n  shea r  g rad ien t  with mass 
a d d i t i o n  can be obtained i n  terms of  t h e  blowing parameter B by d iv id ing
equat ion (12) by t h e  same equat ion f o r  B = 0 .  Thus, from equat ion ( l l a ) ,  t h e  
shea r  reduct ion  can be w r i t t e n  

i 



where t h e  f i rs t  term i n  t h e  numerator and t h e  denominator, which i s  a p a r t  of  
t he  complementary s o l u t i o n ,  can be der ived  by a method e x a c t l y  analogous t o  
t h e  one used f o r  t h e  h e a t - t r a n s f e r  equat ion descr ibed  i n  r e fe rence  1; t h a t  is ,  

diic * 
(& %)w,B = (& F)w,B 

The blowing parameter  and effect ive Reynolds number ,;ee appendix B) are 
given by 

Y 

where 

Dividing equat ion (13a) by t h e  f irst  term i n  t h e  numerator, and inco rpora t ing  
equat ions (12) ,  (13b), (14) and appendixes C and D ,  one w i l l  ob t a in  t h e  
fol lowing r e s u l t :  

where 

f o r  B 5 Bt 

I f o r  B > Bf 

B 
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and 
1 1 ­

= z( C I C 1 )  

c 


(xw’>*= 
h E ( 1  - E)1+E-& 

In equat ions (15) (Pr), i s  t h e  Prandt l  number eva lua ted  a t  the  w a l l  condi t ion.  
Note t h a t  t h e  func t ion  4 (eq. (15b)) i s  i d e n t i c a l  t o  t h e  hea t - reduct ion  func­
t i o n  $, i f  t h e  blowing parameter B / m is rep laced  by B. As shown i n  
re ference  1, t h e  values  of  flf given in . equa t ion  (15c) a r e  determined from 
e i t h e r  t h e o r e t i c a l  c a l c u l a t i o n s  or experimental  d a t a  f o r  t h e  h e a t - t r a n s f e r  
parameter by 

* 

* F o r  a f i r s t - o r d e r  approximation, t h e  f a c t o r  Vf i s  found t o  be ( f o r  a i r  
as t h e  main s t ream) 

-
Nf = 5 f o r  monatomic gas 

-
Nf = 1 for diatomic and some polyatomic gases’ 

Derivat ions of t h e s e  va lues  have been d iscussed  i n  d e t a i l  i n  re ference  1. 
~~ .~ ~ 

lEf = 5 / 9  f o r  Freon gases  (polymolecular) , (da t a  deduced from re f .  5 ) .  
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Shear reduction for identicaZ-gas injection- As a s p e c i a l  case, 
equat ions (15) can be f u r t h e r  s i m p l i f i e d  t o  

@ =  

where 

1 

/E 
I t  w i l l  be shown la te r  t h a t  equat ions (15) and (16) are i n  s a t i s f a c t o r y  
agreement with t h e  numerical  s-olutions o f  r e fe rences  3 and 4 .  

-
When L/Lo =: 1, Tw = 0 and y 1, equat ions (16a) may be expanded i n  

a series t o  ob ta in  

Ef fec t  o f  Heat Conduction and Shear S t r e s s  
Behind t h e  Shock Wave 

The enthalpy and t a n g e n t i a l  v e l o c i t y  g rad ien t  immediately behind a shock 
wave (assuming t h e  s t r o n g  shock r e l a t i o n )  w i l l  be  a l t e r e d  s i g n i f i c a n t l y  when ? 
h e a t  conduction and s h e a r  stress become major f a c t o r s  i n  the  energy and momen­
tum balances wi th in  t h e  shock l aye r .  As i n  re ference  1, t h i s  phenomenon is  
designated he re  as t h e  "postcool ing effect. ' '  When t h i s  phenomenon occurs ,  t h e  
f i r s t - o r d e r  s o l u t i o n  does n o t  apply,  and numerical  s o l u t i o n s  of t he  l i n e a r i z e d  
equat ions (eqs . (10)) i nco rpora t ing  t h e  e f f e c t i v e  P e c l e t  number (or Reynolds 
number) from t a b l e  l2 must be obtained.  Prel iminary e f f e c t s  of postcool ing 
on t h e  shea r  g rad ien t  reduct ion  i n  t h e  v i c i n i t y  of  t h e  s t agna t ion  po in t  w i l l  
be d iscussed  i n  t h e  s e c t i o n  "Results and Discussion. ' '  

- - _ 

2See appendix B .  
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RESULTS AND D I S C U S S I O N  

Calcu la t ions  o f  t h e  s h e a r  reduct ion  a t  t h e  s t agna t ion  p o i n t  inc luding  
fo re ign  gas i n j e c t i o n  and s u c t i o n  a r e  presented  i n  t h i s  s e c t i o n  f o r  atmo­
s p h e r i c  f l i g h t  condi t ions  where t h e  f i r s t - o r d e r  s o l u t i o n  app l i e s .  The pos t -
cool ing  effect  on t h e  shea r  stress a t  r e l a t i v e l y  low Reynolds numbers i s  a l s o  
examined. 

Resul t s  Without Postcool ing 

Shear reduction - identicaZ gas injections- A comparison of t h e  p re sen t  
f i r s t - o r d e r  s o l u t i o n  (eqs.  (16a) and (16b) f o r  ps = 1 a t m ,  T, = 15,000° K ,  
and R = 30 c m  (1  f t )  with t h e  exact  numerical s o l u t i o n s  o f  Howe and Sheaf fer3  
( r e f .  3 )  i s  presented  i n  f i g u r e  2 for i d e n t i c a l  gas i n j e c t i o n .  The presen t  

PRESENT METHOD (eq  (16a)) 

' .e ' O h HOWE-SHEAFFER ( re f  31 

.6 


I \ I I 
0 I 2 3 

B 

Figure 2.- Effect of gas injection on shear 
reduction - air injection (ps = 1 atm, 
Ts 15,000" K, and Tw = 1,000" K). 

__ PRESENT (eqs (151) 
SYMBOLS HOWE-SHEAFFER (ref  3) 

B 

Figure 3.- Effect of Stanton number on shear 
reduction - air injection (ps = 1 atm, 
Ts = 15,000" K, and T, = 1,000" K). 

r e s u l t s  show s a t i s f a c t o r y  agreement with 
t h e  numerical s o l u t i o n s .  Also presented  
i s  t h e  s o l u t i o n  obtained with t h e  l i n e a r  
equat ion (16c) ,  which i s  very c lose  t o  
the  f i r s t - o r d e r  s o l u t i o n  f o r  B < 1. 

Effect of Stanton number- The 
present  s o l u t i o n s  show t h a t  t h e  shea r  
reduct ion  func t ion  Q, as f o r  hea t  
reduct ion  ( r e f .  l ) ,  depends on t h e  
s tagnat ion-poin t  Stanton number (St)  o ,  
which i s  a func t ion  of  t h e  product of  
f ree-s t ream d e n s i t y  and body r ad ius  
( r e f .  1). A s  t h e  s tagnat ion-poin t  
Stanton number (St)  increases  ( i  . e .  , 
t h e  product of  f ree-s t ream dens i ty  and 
body r ad ius  dec reases ) ,  t h e  mass t r a n s ­
fer  becomes more e f f e c t i v e  i n  reducing 
t h e  shea r  s t ress ,  as i l l u s t r a t e d  i n  
Fig.  3 .  The p resen t  so lu t ions  and those  
of Howe and Shea f fe r  agree c l o s e l y .  A 
s i n g l e  c o r r e l a t i o n  curve f o r  t h e  shock-
l a y e r  theory  can be obtained only i f  t h e  
Stanton number (St)  remains cons tan t  
and Tw/Ts = 0 .  The e f f e c t  o f  t h e  
Stanton number ( o r  pmR) on shea r  stress 
(as wel l  as h e a t  t r a n s f e r )  i s  due essen­
t i a l l y  t o  t h e  changes i n  t h e  shock-layer 
t h i ckness ,  which are accompanied by 
changes i n  t h e  v e l o c i t y  g rad ien t  a t  t h e  
s t agna t ion  p o i n t .  Experimental d a t a  on 
h e a t  transfer and p res su re  changes due 
t o  t h e  mass i n j e c t i o n  support  t h e  
p re sen t  conclusion ( r e f .  5 ) .  

3By cour tesy  of Howe and Sheaf fer  s i n c e  numerical  r e s u l t s  f o r  shea r  
reduct ion  were no t  presented  i n  re ference  3 .  

11 



10 3.000 

The effect of t r a n s p o r t  p r o p e r t i e s  on shea r  reduct ion  i s  a l s o  recognized;  
t h a t  i s ,  ( i n  f i g .  3 )  t h e  shea r  reduct ion  curve f o r  ps = 10 atm and R = 3 c m  
(0.1 f t )  is sepa ra t ed  from t h a t  for  ps = 1 a t m  and R = 30 c m  (1  f t )  even 
though t h e  S tan ton  number and w a l l  temperature f o r  both cases are about t h e  
same. This i s  due t o  t h e  p re s su re  dependence o f  t h e  thermal and t r a n s p o r t  
p roper ty  parameter (k/cp)w/ (k/cp) *. The hea t - reduct ion  func t ion  $, however, 
has a s i n g l e  c o r r e l a t i o n  curve when t h e  S tan ton  number i s  kept  cons tan t  as 
demonstrated i n  r e fe rence  1. 

Effect  o f  waZZ temperature- In  c o n t r a s t  t o  t h e  h e a t  reduct ion ,  t h e  shea r  
reduct ion  i s  s e n s i t i v e  t o  t h e  w a l l  temperature.  This  dependency can be recog­
n ized  immediately from t h e  r e s u l t  o f  t h e  f i r s t - o r d e r  s o l u t i o n  s i n c e  t h e  quan­
t i t y  (k/cp), i n  equat ion (15a) depends on w a l l  temperature .  The e f f e c t  o f  
wall temperature  on s h e a r  reduct ion i s  shown i n  figure 4 f o r  a i r  i n j e c t i o n .  

ref 4 General ly ,  t h e  h ighe r  t h e  wall  tempera-
Ps,Otm f Tw.'K t u r e ,  t h e  less t h e  shea r  reduct ion .  The 

- PRESENT METHOD 
1-10 a 0-3 30010 0 3/4 3,000 presen t  methods are compared wi th  t h e  

I10 0 IO 300 numerical c a l c u l a t i o n  of r e fe rence  4 ,  and 
t h e  r e s u l t s  show s a t i s f a c t o r y  agreement

,Tw Im (Tw=m) f o r  a wide range of wall temperatures .  
To make t h i s  comparison, t h e  parameter 

(S t lo ,  i n  equat ion ( ~ 8 1 ,  i s  main­
t a i n e d  a t  0.15, t h e  value used f o r  t h e  
hea t  t r a n s f e r  case. 

I I I I L , L 1 I 

0 
E 
I 2 Shear reduction - foreign gas 

injection- I n j e c t i n g  gases d i f f e r e n t  from
Figure 4.- Effect of wall temperature on t h e  f ree-s t ream gas a f f e c t s  t h e  shea r

shear reduction - air injection reduct ion  i n  t h e  manner shown i n  f i g ­(m(St)o = 0.015). ure  5 .  The p resen t  r e s u l t s ,  der ived  by 
~ PRESENT METHOD 

(eqs(15))  
means o f  equat ions (15),  f o r  ps = 1 atm, 
Ts = 15,000° K ,  (St) ,  = 0.15, and 
f o r  Tw/Ts = 0 ,  a r e  compared with t h e  
boundary-layer s o l u t i o n s  from re fe rence  4. 
S a t i s f a c t o r y  agreement i s  obtained over  
t h e  e n t i r e  blowing range inc luding  suc-
t i o n  ( B  < 0 ) .  As can be recognized from 
equat ions (15),  shea r  reduct ion  f o r  a 
cold wall (Tw/Ts 0 )  depends p r imar i ly  

I on P rand t l  number a t  t h e  wall and on t h e  
-.IO 7 5  0 .5 

B 
1.0 1.5 

21) 25 blowing parameter B.  The i n j e c t i o n  o f  
l i g h t  gases i s  more e f f e c t i v e  i n  reducing 
t h e  ra te  o f  t h e  shea r  stress n e a r  t h e  

Figure 5.- Effect of foreign gas injection on shear s t agna t ion  p o i n t .  Note t h a t  no combus­
reduction (ps= 1 atm, Ts - 15,000" K,  and t i o n  i s  assumed t o  t ake  p l ace  when 
Tw/Ts 0). hydrogen is  i n j e c t e d .  
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Effect of  Postcool ing on Shear Reduction 

The effect  o f  pos tcool ing  on t h e  s tagnat ion-poin t  flow i s  (1) t o  reduce 
t h e  d r i v i n g  enthalpy which changes the  t r a n s p o r t  p r o p e r t i e s ,  and (2) t o  reduce 
t h e  e f f e c t i v e  t a n g e n t i a l  v e l o c i t y  due t o  t h e  shea r  stress i n  t h e  shock l a y e r ,  
which lowers t h e  shear  stress a t  t h e  body su r face .  As shown i n  re ference  1, 
t h e  enthalpy behind t h e  shock wave v a r i e s  with Stanton number and blowing rate. 
The p resen t  ana lys i s  g ives  a similar r e s u l t  f o r  t a n g e n t i a l  v e l o c i t y  as shown 

1 

0 .2 .4 .6 .8 1.0 
lStl0 

Figure 6.- Effect of Stanton number 
on tangential velocity behind shock 

~ wave - air injection (ps = 1 atm,
j Ts = 15,000" K, and Tw/Ts = 0). 

1.0 (LIMITING CASE) 

Q 

I , 
.5 I.o 1.5 2.0 

B 

Figure 7.- Effect of Stanton number on shear 
reduction - air injection (ps = 1 atm, 
Ts = 15,000" K, and Tw/Ts 9 0). 

i n  f i g u r e  6 .  The r e s u l t s  were obtained 
from numerical s o l u t i o n s  of  equat ion (10) 
s i n c e  t h e  f i r s t - o r d e r  s o l u t i o n  neg lec t s  
t he  pos tcool ing  e f f e c t s 4  The immediate 
effect  of  t h e  shea r  stress on the  v e l o c i t y  
r a t i o  behind t h e  shock wave i s  noted. 
This is due t o  t h e  nonzero value o f  t h e  
v e l o c i t y  g rad ien t  (eq. ( l l a ) )  and thus  t o  
t h e  f i n i t e  va lue  o f  shear ing  stress r a t i o  
a t  t he  shock wave. Since t h e  v e l o c i t y  
( a l s o  enthalpy)  v a r i e s  with Stanton number 
and blowing ra te ,  t h e  shear  reduct ion f o r  
a i r  i n j e c t i o n  i s  a l t e r e d  i n  the  manner 
shown i n  f i g u r e  7 .  For a small Stanton 
number t h e  shear  reduct ion  is  t h e  same as  
obtained from t h e  f i r s t - o r d e r  s o l u t i o n  
(e .g . ,  f i g .  3 ) .  The shea r  reduct ion 
becomes l e s s  e f f e c t i v e ,  however, as t h e  
Stanton number inc reases  beyond t h e  c r i t ­
i c a l  number, (St)cr  2 0.32 (see re f .  1) , 
and, f i n a l l y ,  Q approaches t h e  f r e e  
molecular l i m i t  of u n i t y  as (S t )o  + 1. 
Simi la r  r e s u l t s  a r e  shown i n  re ference  1 
f o r  t h e  hea t  r educ t ion .  

The c r i t i c a l  Stanton number, a t  which 
the  e f f e c t  of  pos tcool ing  becomes impor­
t a n t ,  can be def ined  i n  terms o f  t h e  phys­
i c a l  parameters through t h e  e f f e c t i v e  
Pec le t  number B *  (see eq.  (7c ) ) .  From 
f i g u r e  lO(a) o f  r e fe rence  1, t h e  effective 
Pec le t  number i s  found t o  be approximately 
B *  5 f o r  ( S t ) c r  0.32. Thus, one can 
show, i n  an a c t u a l  f l i g h t  case where 

Vm = 15 km/sec, t h a t  t h e  effect  of  pos tcool ing  on convect ive hea t  and shea r  
stress becomes important when t h e  product of t he  free-stream dens i ty  and body 

cm,r ad ius  becomes ijmR L 3 ~ 1 0 - ~  which corresponds t o  a f l i g h t  a l t i t u d e  of  
58 km f o r  a body r ad ius  of  R 5 1 c m ,  o r  a f l i g h t  a l t i t u d e  of  84 km f o r  a 
body r ad ius  of  R = 30 cm (1  f t ) .  

4The computing program has been prepared by Mrs. Sarah Rogallo, NASA, 
Ames Research Center.  
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CONCLUDING REMARKS 

Closed-form s o l u t i o n s  have been obta ined  f o r  t h e  reduct ion o f  t h e  s h e a r  
g rad ien t  normal t o  t h e  su r face  i n  t h e  v i c i n i t y  of  t h e  s t agna t ion  p o i n t  o f  a 
body with mass transfer. The shock-layer  momentum equat ion was decoupled from 
t h e  con t inu i ty  and energy equat ions by approximating t h e  mass-flow d i s t r i b u ­
t i o n  along t h e  s t a g n a t i o n  stream l i n e .  The momentum equat ion i s  then  l i n e a r ­
i zed  by t h e  i n t r o d u c t i o n  of  an e f f e c t i v e  Reynolds number which i s  a cons tan t  
f o r  a given boundary temperature .  The l i n e a r i z e d  s o l u t i o n  i n d i c a t e s  conclu­
s ions  similar t o  those  f o r  t he  hea t  t r a n s f e r  f o r  t h e  reduct ion of t h e  shea r  
g rad ien t  a t  t h e  s t a g n a t i o n  p o i n t  by mass a d d i t i o n ,  which represents  t h e  
d i r e c t  reduct ion  o f  s k i n  f r i c t i o n  i n  t h e  v i c i n i t y  of t h e  s t agna t ion  p o i n t .  

1. The degree of reduct ion  depends on t h e  mass-addition r a t e  and t h e  
Stanton number f o r  no mass add i t ion .  For  a given mass-addition ra te ,  t h e  
shear-reduct ion ra te  inc reases  with inc reas ing  Stanton number u n t i l  t h e  
Stanton number reaches t h e  c r i t i c a l  value of  about 0.32. The shear  reduct ion  
becomes less e f f e c t i v e  as t h e  Stanton number inc reases  beyond t h e  c r i t i c a l  
number and approaches t h e  free molecule flow l i m i t  of  un i ty .  

2 .  The shea r  reduct ion  depends on wall temperature; t h e  h ighe r  t h e  wall 
temperature,  t he  less t h e  reduct ion i n  s h e a r  stress. 

3. The i n j e c t i o n  of  gases of  lower molecular  weight i s  most e f f e c t i v e  
f o r  t he  shea r  reduct ion .  

Ames Research Center 
Nat ional  Aeronautics and Space Adminis t ra t ion 

Moffett  F i e ld ,  Cal i f . ,  94035, June 11, 1970 
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APPENDIX A 

TANGENTIAL MASS FLOW GRADIENT 

The r e l a t i o n  between t h e  t a n g e n t i a l  and normal mass flow g rad ien t  i n  t h e  
v i c i n i t y  of  t h e  s t agna t ion  p o i n t  can be der ived  as fol lows:  

The con t inu i ty  equat ion (eq. ( l ) ) ,  wi th  t h e  effect  of  shock-layer 
th ickness  taken i n t o  account,  i s  

-a (pur) + -a (Qpvr) = 0 
ax a Y  

where Q = 1 + y/R and r = Qx. I f  i t  i s  assumed t h a t  pu 2 [a(pu)/ax]x and 
pv = [a(pv)/ay]y,  t h e  t a n g e n t i a l  mass-flow g rad ien t  and momentum become 

To allow f o r  t h e  v e l o c i t y  g rad ien t  a t  the  shock wave, equat ion (Al) i s  
modified as 

where t h e  f a c t o r  C r  is determined from the  boundary condi t ion  f o r  t h e  tan­
g e n t i a l  mass-flow g rad ien t  a t  t he  shock wave, 

Thus, from equat ions (A3) and (A4), C r  i s  given by 

For hypersonic  flow where E << 1 and xW << 1 it fo l lows ,  from equat ion (A3), 
t h a t  

15 
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Thus, equat ion (A23 incorpora t ing  equat ion (A6) can now be w r i t t e n  as 

which i s  t h e  r e s u l t  introduced i n  equat ion (7a) .  
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APPENDIX B 

THE EFFECTIVE THERMAL AND TRANSPORT PROPERTY PARAMETERS 

Values f o r  t h e  e f f e c t i v e  Peclet number and Reynolds number which w i l l  be  
used i n  t h e  l i n e a r i z e d  s o l u t i o n  (eqs.  (10) and (15)) are der ived  i n  t h i s  
appendix. 

THE EFFECTIVE PECLET NUMBER 

L e t  6 1  be def ined  as 

where q = [ (k/cp) (dh/dy)] and a l s o  6' t o  be 

I t  fol lows,  from equat ions (Bl) and (B2), t h a t  

qco = ($y(>, (%) 

Note t h a t  t h e  averaged value (k/cp)* r e q u i r e s  no knowledge of  the  s o l u t i o n .  
Now, assume t h a t  t h e  v a r i a b l e  (k/cp) can be rep laced  by some appropr i a t e  con­
s t a n t  va lue ,  say  (k/cp) = X; it then  fo l lows ,  from equat ions (Bl ) ,  (B2), and 
(B3), t h a t  

and (B4) 
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1 1 1  I 

When equat ion (B4) i s  compared wi th  equat ion ( B 3 ) ,  t h e  most reasonable  va lue  
of  t he  e f f e c t i v e  cons tan t  X is ,  

x = ($>* 
and 

The e f f e c t i v e  Peclet number i s  thus  

Table 1 p resen t s  some numerical c a l c u l a t i o n s  of t h e  e f f e c t i v e  thermal and 
t r a n s p o r t  p roper ty  parameter which are used i n  t h e  f i r s t - o r d e r  and general  
s o l u t i o n s .  Table 1 seems t o  provide b e t t e r  r e s u l t s  and has  a more l o g i c a l  
b a s i s  than  t h a t  given i n  r e fe rence  1. 

a 
TABLE 1.- THERMAL TRANSPORT PROPERTIES, (k/cp)*/(k/cp)ref 

~~ ~ . 

P, atm 
lo-*A lo2 

. ..-

1 
~ 

lo-' 
~~ ~ ~ _ _ _ _  

10-3 

0 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 
1000 .6126295 .6126295 .6126295 .6126295 .6126295 .6126295 
2000 .9499233 .9502330 .9520912 .95590 15 .9728052 1.0208307 
3000 1.2 197483 I .2552291 1.3579450 1.4889271 1S654652 1.8207278 
4000 1S759500 1.7378318 1A327561 1.7297006 1.7252176 1.9953843 
5000 1.9541369 1.9647090 1.9875224 2.0680217 2.3 124995 2 SO02307 
6000 2.1406367 2.248 1930 2.4740788 2.6755975 2.6202073 2.4553741 
7000 2.4545306 2.7457312 2.9321786 2.7763997 2.6461 656 2.7342026 
8000 2.9 I00277 3.1459877 3.01 17004 2.8403820 3.0464870 3.6058875 
9000 3.3108144 3.2662349 3.0849595 3.3 162889 3.9997432 5.1343087 

10000 3.5217905 3.3439494 3.44863 17 4.2053297 5.4051008 6.0928483 
11000 3.6278065 3.6939754 4.1 170344 5.4612288 6.48 12224 6.2490610 
12000 3.7265962 4.2138305 5.0633505 6.6742440 6.8617359 6.21 77217 
13000 3.9544243 4.8933558 6.1638561 7.4202914 6.9 172425 6.1587323 
14000 4.472 1040 5.7415978 7.1 545277 7.7161356 6.8953037 6.094 1142 
15000 5.I 004932 6.6690641 7.8287131 7.8154403 6.8470945 6.0360700 
ak/cp = p/Pr ; (k/c&f = 36.9X 10-6 Ibm/sec-ft or = 550X 10-6 gm/sec-cm; Tref = 1,000' K. 

10-4 

0.0000000 
.6 I26295 

1.1343960 
1.5203098 
1.9555636 
2.4097264 
2.4686934 
3.06869 67 
4.6225201 
5.6699780 
5.7321583 
5.6746416 
5.6041260 
5.53 13316 
5.461 7239 
5.4029145 

~ ~­
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THE EFFECTIVE REYNOLDS NUMBER 

Accurate c a l c u l a t i o n s  of h e a t  t r a n s f e r  t o  t h e  su r face  can be obtained i f  
t h e  average Pec le t  number B * *  i s  used f o r  genera l  wall temperatures i n  t h e  
energy equat ion .  S imi l a r ly ,  t h e  e f f e c t i v e  Reynolds number Re** may be 
introduced i n t o  t h e  momentum equat ion where Re** i s  r e l a t e d  t o  B * *  by 

TWRe** = e** f o r  - f 0
(Pr) ** TS 

where ( P r ) * *  is approximated by 

( P r ) * *  = (prl; 1
For Tw/Ts = 1,(Pr)** becomes t h e  Prandt l  number f o r  t h e  wal l  temperature,  and 
n = 1. For Tw/Ts = 0 t h e  r e s u l t s  of  re ference  2 (ch. 4) y i e l d s  
Re* = B*/(Pr)Zf3, and it  can be shown t h a t  (Pr)$’3 = (Pr), s ince  the  Prandt l  
number i s  near  un i ty  f o r  t h e  lower wal l  temperature.  Thus, t h e  e f f e c t i v e  
Reynolds number covkring t h e  in te rmedia te  w a l l  temperature case i s  
approximated simply by 
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APPENDIX.C 


EQUATIONS FOR THE PHYSICAL PARAMETERS 


BOUNDARY-LAYER THICKNESS 


An important phys i ca l  dimension i n  t h e  v iscous  l a y e r  i s  t h e  
c h a r a c t e r i s t i c  th ickness  6t, a r b i t r a r i l y  def ined  i n  equat ion (B2) as 

Since from re fe rence  1, 

it f o l  lows t h a t  

The thermal boundary-layer th ickness  f o r  X, = 0 is  from re fe rence  1, 

Thus, 

S imi l a r ly ,  t he  c h a r a c t e r i s t i c  th ickness  corresponding t o  the  momentum equat ion 
(from t h e  homogeneous s o l u t i o n ,  eq.  (12)) may be w r i t t e n  as 
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The v e l o c i t y  boundary-layer th ickness  i s ,  thus  

BASIC FLOW PARAMETERS 

The approximate r e l a t i o n s  f o r  t h e  b a s i c  flow parameters taken from 
r e fe rence  1 are: 

Mass-flow gradient for Tw/Ts = 0:  

(Xwl)* ka J 8 ~ ( 1- E) 

(see eq.  ( 7 ~ )f o r  k a ) .  

Mass-f Zow gradient f o r  Tw/Ts # 0:  

(Xw')** kw(Xw')* (C7) 

where t h e  f a c t o r  kw = (k/cp) */ (k/cp) ** depends on wall temperature ( r e f .  1) . 
Shock- Zayer thickness: 

o r ,  from equat ion (13),  

where kb depends on t h e  body shape (kb = 1 .0  f o r  an axisymmetric body).  

The e f fec t ive  b Zowing parameter for the b o u n d q - Zayer b Zowoff: 

Blowoff i s  t h e  s i t u a t i o n  where t h e  inc rease  i n  t h e  shock-layer  t h i ckness  
i s  equal  t o  t h e  o r i g i n a l  boundary-layer t h i ckness .  From equat ions (C3) and 
(C8) , 

2 1  
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- - -  

Similarly, from equation (C5) 

B = 
aApr) ,E  (Mf/Moo) 

= J)ipr),B,-
t (XW'I" 


Equation (C10) is given in equation (15c). 
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APPENDIX D 

FIRST-ORDER SOLUTION TO THE MOMENTUM EQUATION 

A c losed  form s o l u t i o n  t o  t h e  l i n e a r i z e d  equat ion (7a) i s  given by 
equat ion ( l o a ) .  An e x p l i c i t  c losed  form s o l u t i o n ,  i s  obta ined  by t ak ing  only 
t h e  lead ing  term from t h e  l i n e a r i z e d  s o l u t i o n .  The shea r  reduct ion  func t ion  

can be w r i t t e n ,  from equat ions (13),  as 

The f i r s t  term i n  t h e  numerator of  equat ion (Dl) takes  exac t ly  t h e  same form 
as t h e  h e a t  reduct ion  func t ion  except t h a t  t h e  blowing parameter B i s  
replaced by B/d(Pr),, 

where $ i s  given i n  equat ion (15b) taken from re fe rence  1. The second term 
i n  the  numerator may be rearranged as 

~. 

Since Re* = B*/(Pr),  and (i ic ')w,B=o = / ( 2 / ~ r ) ( R e ~ X ~ ' ) * ,and from equat ion ( C 5 ) ,  
it fol lows t h a t  

The c h a r a c t e r i s t i c  th icknesses  of t h e  p re sen t  s o l u t i o n  (eqs.  (B2) and 
( C 5 ) )  and t h e  proper  boundary condi t ions  r equ i r e  t h a t  equat ion  (Dl) should be 
eva lua ted  f o r  t h e  condi t ion  

2 3  
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(+)o = 1 

s i n c e  t h e  c h a r a c t e r i s t i c  length  determined from t h e  v e l o c i t y  d i s t r i b u t i o n ,  f o r  
u/us = 0.99, i s  always t h e  same as t h e  shock-layer  t h i ckness .  

A genera l  form of  equat ion (Dl) i nco rpora t ing  equat ions  (D2)  through (DS), 
t hus ,  becomes 

In hypersonic  flows where E <<  1, the  f a c t o r  y i s  c lose  t o  u n i t y .  

For Tw/Ts 2 0 ,  only t h e  f irst  term i n  equat ion ( D 6 )  need be r e t a i n e d ,  
t hus ,  

The r e s u l t ,  exac t ly  analogous t o  equat ion ( D 6 ) ,  can be der ived  f o r  t h e  
cases  where Tw/Ts f 0;  t h a t  i s ,  from equat ions (B8) and (C7) ,  equat ion ( D 3 )  
can be w r i t t e n  

** 
(1 - Cl) 1 

2cl Re** (Re)w,B$1-C i  ( R e l w , ~(-uc’/Re )w,B=O 
- (1 - Cl) Reo** 

Re** (Reoxw’) * * 

which is t h e  same as  equat ion ( D 4 ) .  Equation ( D 6 )  which i s  t h e  r e s u l t  shown 
i n  equat ions ( l S ) ,  t h e r e f o r e ,  i s  app l i cab le  f o r  a l l  wall temperature .  
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